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Abstract 



, ■ Employing higher order perturbation theory, we find a new class of perturbative extremal 

^^ ' rotating black hole solutions with Born-Infeld electric charge in odd D-dimensional space- 

00 I time. The seed solution is an odd dimensional extremal Myers-Perry black hole with equal 

• , angular momenta to which a perturbative nonlinear electric Born-Infeld field charge q is 

f^ ■ added maintaining the extremality condition. The perturbations are performed up to third- 



order. We also study some physical properties of these black holes. In particular, it is shown 
that the values of the gyromagnetic ratio of the black holes are midified by the perturbative 



J^ , parameter q and the Born-Infeld parameter j3. 

I. INTRODUCTION 

Finding rotating black holes solutions in higher dimensions is a difficult task due to the size 
and complexity of the equations. For this reason the number of analytic solutions in closed form is 
very limited. An exception is pure general relativity, where there are exact D-dimensional rotating 
black holes. Indeed, the generalization of the Kerr metric to higher D dimensions was performed by 
Myers and Perry |1|. These Myers-Perry black holes in general possess A^ = [{D — \)/2\ independent 
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angular momenta as stated in 



1|, where [X] denotes the integer part of X. This, in turn, imphes, 
that L)-dimensional rotating black hole solutions fall into two classes, namely, even-D and odd--D. 
The insertion of a cosmological constant also yields an exact rotating solution in D-dimensions [4] . 
The inclusion of any other charge into the solutions, be it electric, magnetic, or dilatonic, to 
name a few, obliges the introduction of alternative techniques to study rotating black holes in 
higher dimensions. There are then two opposed situations that can be dealt with some ease: slow 
rotation and rotation in the extremal regime. For slow rotation, charged black holes with a single 
rotation parameter in higher dimensions have been studied perturbatively in [342], and numerically 
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for asymptotically flat solutions and in [9] for asymptotically anti-de Sitter solutions. The 



incorporation of a dilaton coupling in this slow rotation regime in four dimensions has been done 
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10| and it is also possible to find the corresponding higher-dimensional solutions. 

For the rotating solutions in the extremal regime there are perturbative methods that work in 
odd D-dimensions when one includes some type of charge. The correctness of these perturbative 
solutions can be performed by making use of a Smarr-type formula for black holes in D dimen- 
sions [11]. Employing perturbation theory with the electric charge as the perturbation parameter, 
charged rotating Einstein-Maxwell black holes have been constructed in five dimensions [1^. This 
perturbative method was also applied to obtain extremal Einstein-Maxwell black holes with equal 



by including a scalar dilaton field 



u\? 



Q. 



magnitude angular momenta in odd dimensions [13(. These solutions have then been generalized 



Il5l |. One can also deal with Born-Infeld electric charge, 
indeed, extremal rotating Einstein-Born-Infeld black holes in five-dimensional spacetime have been 
studied lla l. 

n 

In this paper, we want to generalize the five-dimensional studied performed in \ld\ to any odd D 
dimension, 5 < D < 00. The odd-dimensional case, in opposition to the even-dimensional case, can 
be treated explicitly perturbatively when the N angular momenta of the black hole have all equal 
magnitude, as the resulting system of field equations simplifies remarkably. Using a prescribed 
perturbative method we are able to find extremal rotating Einstein-Born-Infeld black holes. We 
start from the extremal Myers-Perry black holes with equal N = [(D — l)/2] angular momenta 
[l|], then we evaluate the perturbative series up to third order in the electric charge parameter g, 
and finally we study the physical properties of these black holes. In particular, we analyze the 
effects of the perturbative parameter q and the Born-Infeld parameter /3 on the gyromagnetic ratio 
of these fast rotating black holes. The structure of this paper is the following: In section |TI1 the 
field equations of the nonlinear Born-Infeld theory in Einstein gravity are displayed and a new 
class of perturbative charged rotating solutions in odd dimensions is obtained. In section IIIH the 



physical quantities of the solutions are calculated and their properties discussed. In Sec. [IV] the 
mass formula for these black holes is presented. In section |V] we draw some conclusions. The 
formulas for the metric and the gauge potential in D dimensions are given in the Appendix. 

II. METRIC AND BASIC EQUATIONS 

Our departure point is the Einstein-Hilbert action coupled to the Born-Infeld nonlinear gauge 
field in D dimensions 

where Gd is the Newton constant in D dimensions, g is the determinant of the L)-dimensional 
metric g^^^ R is the Ricci curvature scalar. L{F) is the Lagrangian of the nonlinear Born-Infeld 
gauge field given by 



L{F) = 4/32 1- Jl + _ , (2) 




where, F = F'^'^F^^, Ffj_y = d^Ay — d^A^ is the electromagnetic field tensor, A^^ is the electromag- 
netic vector potential, and /3 is the Born-Infeld parameter. In the limit j3 — )• 00, L{F) reduces to 
the Lagrangian of the standard Maxwell field, L{F) = F. By varying the action with respect to 
the gravitational field gfj^u and the gauge field A^ one obtains the equations of motion for these 
fields. For the gravitational field the equations are 

G,u = l9,.LiF) + ^p££= , (3) 

where G^i, = R^i, — 29fj.i'R is the Einstein tensor formed out from the Ricci tensor R^,^ and scalar 
R. For the Born-Infeld electromagnetic field one finds the following equations 



0. (4) 



Here, we consider extremal charged rotating black hole solutions of the above field equations in odd 
dimensions through a perturbative method. To obtain such perturbative charged generalizations 
of the Z'-dimensional Myers-Perry solutions 
metric 13l4l5l|. 




1|, we employ the following parametrization for the 



ds'^ = gttdt^ + — + r2 



N-l li-\ \ TV /k-\ \ 

*=1 \J=0 / fc=l \«=0 / 



+ V 



N /fc-1 



^ n ^"'^^ ^' ^^"^^ ^k^kd^Pk 



,k=l \i=o 



N /fc-1 



2B NJ IT cos^ 0; sin^ 6k£kd^Pkdt . 



fc=l \Z=o 



(5) 



where 6*0 = 0, 6*^ G [0, 7r/2] for z = 1, ..., iV - 1, 6'Ar = 7r/2, i^fc G [0, 27r] for A; = 1, ..., N, and £fc = ±1 
denotes the sense of rotation in the k-th. orthogonal plane of rotation, and the metric functions gu, 
W, V, and B depend only on the radial coordinate r. An adequate parametrization for the gauge 
potential is given by 

N /fc-1 \ 

Af^dx^ = atdt + Oip X] I n ^°^^ ^' ) ^^^'^ (^k^kd^k ■ (6) 

fc=l \/=o / 

where the gauge potential functions at and a,^, depend only on the radial coordinate r. 

We now consider perturbations around the Myers-Perry solution, with a Born-Infeld electric 

charge q as the perturbative parameter. Taking into account the seed solution and the symmetry 

with respect to charge reversal, the functions for the metric and gauge potential take the form 



9u = -l + ^,+<l'9^i^+0{q'), 



(7) 



W = l-^ + ^.^ +g2^(2) +0(/) , 



r 



D-z 



Mr^- 



(8) 



V 



2J' 



Mr^~3 



+ (7V2)+0(g4), 



(9) 



B 



2J_ 

„D-3 



+ q^B^'^+Oiq^), 



at = qaf'' + q\f^ + 0{q'') , 



(10) 
(11) 



ga« + (?3a(3) + 0((?5 



J2) 



(12) 



Here g^^ is a second-order perturbative term with the other perturbative terms defined similarly. 
The quantities M and J are integration constants related to the mass and angular momentum, 
respectively. 



It is important to be able to fix the integration constants. First one fixes the angular momenta 
at any perturbative order and then imposes the extremality condition in all orders. We also assume 
asymptotic flatness and regularity at the horizon. With these assumptions we are able to fix the 
constants of integration. 

We now introduce a parameter v for the extremal Myers-Perry solutions in D dimensions by 

Inserting the metric, Eq. ([5|), and the gauge potential, Eq. ([6]), together with the perturbation 
expansions, Eqs. ([71)- (fT2]) . into the field equations Eqs. ©-(HI), we can solve these equations order by 
order. The perturbative expansions for the metric and the gauge potential functions are exhibited 
in Appendix A for generic values of the Born-Infeld parameter /3. One may note that in the 
Maxwell limit, /3 — > oo, these perturbative solutions reduce to the odd dimensional perturbative 
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and the accuracy of 



charged rotating black holes in Einstein-Maxwell theory presented in 

these solutions can be cheked by using Smarr's formula [11]. Also, for the case D = 5 one finds 

the equations found in |16l |. 

III. PHYSICAL QUANTITIES 

Writing the asymptotic behavior of the metric and the gauge potential one can extract the 
mass M, the equal-magnitude angular momenta | Jj| = J, the electric charge Q, and the magnetic 



moments fimag- Indeed, one can set the asymptotic behavior as J13l4l6l| 



M 2J 

where M, J, Q, and /imag are parameters with dimensions of mass, angular momentum, charge, 
and magnetic momentum, respectively, and we have put Q = q. These parameters are related to 
the mass M, angular momentum J, electric charge Q, and magnetic momentum /Umag through 

IGttGd 

M = M 

{D - 2)A{SD-2) ' 

~ ^ AttGd 

Q = ^11^ Q 

_ AttGd 



and where A{S^ ^) is the area of the unit {D — 2)-sphere. Comparing the above expansions to 
the asymptotic behavior of the solution, Eqs. ()Al|) - ()A6p . we obtain 

'iv^f-^UD - 2)(D - 1)"-! + 169^(0 - 3)°-^' 



UtxGd 



^D-%D-l)^{D-3) 



D-3 
2 



+ 0(g*), (16) 



,__Ms^^m^^^ 






IG-KGDiD - 3) — 



^''<°-''"" Uotf). (19) 



3(3L> - 5){3D - 7){D - l)^-i/32j/2fl-5 
The gyromagnetic ratio g is given by 

2M^mag _ , n o^ ^^^ K^^ - 41? + 3)(D - 3)-^-3 - 2(D - 2)(D - 3) 



D-21 



5 = ;;^';"^ = (^ - 2) 



QJ ' ' (Z)-2)(Z)-l)^-izy2(D-3) 

+ 0(/). (20) 



V(D-3)^+i(D-2) ^,4, 



3{3D - 5){3D - 7){D - l)«-i/32i.2D-4 

We show the behavior of the magnetic moment ;Umag and the gyromagnetic ratio g of the 
perturbative extremal charged rotating black holes in the Einstein-Born-Infeld theory versus /3 in 
Fig. 1 and Fig. 2 respectively. From these figures we find out that the magnetic moment /Xmag and 
the gyromagnetic ratio g increase with increasing /? in any odd dimension. One can also see that for 
some small value of f3 the gyromagnetic ratio and magnetic moment /Xmag are zero and then become 
negative. We speculate that this change of sign comes from significantly different distributions of 
charge for high an low values of the Born-Infeld parameter /?. The interested reader can see [l5| for 
a detailed discussion about a possible interpretation of this sign reversal. In the Maxwell's limit, 
(3 — > oo, the magnetic moment and the gyromagnetic ratio reduce to 

^- = JL 1^- .2. V- 2)2(1.-1)^ ^|+^(^^' ^''^ 

9 = iD-2) (I?-2)(D-l)^-i.2(D-3) + Oiq), (22) 




FIG. 1: The third-order perturbative values for the magnetic moment ^mag versus Born-Infeld parameter /? 
for the perturbative extremal charged rotating black holes in the Einstein-Born- Infold theory in 5, 7 and 9 
dimensions with v — 1.16 and q = 0.09. 




FIG. 2: The third-order perturbative values for the gyromagnetic ratio g versus Born-Infeld parameter /3 
for the perturbative extremal charged rotating black holes in the Einstein-Born-Infcld theory in 5, 7 and 9 
dimensions with v = 1.16 and q — 0.09. 



which are exactly the expressions obtained for the odd dimensional perturbative charged rotating 
black holes in the Einstein-Maxwell theory [13 |. The event horizon of these rotating Born-Infeld 
black holes is located at 



^'H 



D-1 



-v + 



4{D - 3) 



D- 



D-S {D-2){D-l)'^-2u'^D-7 
Its value does not depend on /3 up to this order. 



f + 0{q^) 



(23) 



IV. THE MASS FORMULA 



Now, the constant horizon angular velocities \Q,i\ = il can be defined by imposing that the 
Killing vector field 

N 



X = ^ + ^^ekVk, 



(24) 



fc=i 



is null on and orthogonal to the horizon, with x defined as x = 9t and % = d^p^. The horizon 
electrostatic potential \I'h of these black holes is then given by 

*H= (at + J7a^)|,^,^ , (25) 

and the surface gravity n is defined by 

(26) 



^' = -l(y,xu)iv''x'] 



r=rH 



Finally, the horizon angular velocities \il.i\ = $7 and the horizon area An are then given by 

n - ^-^ - ^<iHD-^)''-' ^ 0(0^. .27) 

^^~ ,.{D-l) 1.2D-5P _ 2)(D _ i)D +^^1)' l^7j 

^H - (BTij + 0{q ) , (28) 

respectively. Taking into account the quantities previously defined, it is straightforward to see 
that these black holes satisfy the Smarr mass formula up to third-order 



nil, namely %E^M 



^ J' + NQ,J + -0:11*^11 Q- Noting that the surface gravity k vanishes for extremal solutions, one 
has in our odd-dimensional case 



D-2 D 

For D = 5 the result in UM is recovered. 
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D-2, D-3 , , 

M = Aff^J+-— — ^hQ. (29) 



CONCLUSIONS 



We have constructed a new class of perturbative charged rotating black hole solutions in higher 
odd dimensions in the presence of a nonlinear Born-Infeld gauge field. We have restricted to the 
case of extremal black holes with equal angular momenta. These solutions are asymptotically flat 
and their horizons have spherical topology. Our strategy for obtaining these solutions was through 
a perturbative method up to the third-order for the perturbative charge parameter q. We have 
started from rotating Myers- Perry black hole solutions in odd dimensions, and then investigated 
the effects of adding a charge parameter q and the Born-Infeld parameter /3 to the solutions. We 
have calculated the mass, angular momentum, electric charge, magnetic moment, gyromagnetic 
ratio, and horizon radius of these Born-Infeld black holes. For large /3 the solutions reduce to the 
perturbative rotating Einstein-Maxwell solutions in odd dimensions [13], as expected. Recently, 
it was shown that in five dimensions the Born-Infeld parameter /3 may modify the value of the 
gyromagnetic ratio relative to the corresponding Einstein-Maxwell rotating black holes [161]. Here, 
we obtain a similar result for odd-dimensional black holes. 



Appendix A 



We give the perturbative expressions for the metric and the gauge potential in the Einstein- 
Born-Infeld theory for general odd D. The solutions up to third-order read 



(p-i) 
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9tt 



-1 + 



{D- l)^^u 
2{D - 3) 






{D - 2)r2(«-3) (^ _ 2){rv)D-^{D - 1) V 



+ 0((z^), 



(Al) 



W = 1 



(-D-1) „ „ (D-l) n 1 



(P-3) 



+ 



2q' 



(D-l) 

2(D-3)^-r^ 



2(Z)-3)'^2^r^^3 2(D-3)^^r^-i (^ " 2) [ (ri/)«-3(D - 1 

(Z) - 5)z^2 z) _ 3 ' 



(p-i) 



p-3)^ 



+ 



j,D-5^D-ip_l)^^ r2(^-2) r2(^-3) 



+ 0((z^), 



(A2) 



(p-i) 



D-l 



V 



{D- l)^^v 



2{D-3y 



+ 



■, -D-3 

4(D-3)^ 



(D - 2)r2(^"3) ^^ _ 2)p _ ^^£_3^o_5^^_3 



+ o(g' 



(A3) 



R = (^-1)^^'-''"' _ 2K^ - 3)g^ ^ „. 4. 
2(D-3)^^r^-3 (I) - 2)r2P-3) + ^^^ ^ ' 



(A4) 



q q 



54 



D-3 



r 



D-l 



(r2-3«)cirr3^-3 + 52 



2 y V 2 



u' Sr 



„D-2 



D+3 
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s.Hi^) r' - (^) .^y 



9 / I '^ ' — ^ 3D — 7 ^_^ _^ ^rx^Q._ , 3D — 5 



(L>-l)^(Z)-2)z^3D-9 3 p_i)^-^^2j,3D-7 



^3D-3 /'^ _ i\^^ 1/2^5-6/32 ^5-4Dj^3-D 

{D-3)'^{D-lf J /5' 

■ + 0{q') , (A5) 



"V' ~ ^D-3 



„2-3D 



"1^9 3 2 

+ g3r2 



D-5 



r^-^^dr 



SyD-3^D-3 I s^s, 
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16 (I? - 3)^~ {D - 1)^~ In 
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where in the above equations 5*1, 5*2, 6*3, 6*4, and 6*5 are 

Sx = i-{D-2){D- 3)^- 2-^v^-^ - ^ '- _ "■ '- r^+i 

+ (D _ 1)3 p _ 3)^ 2^r^-V^-i +3{D-2){D- 3)^ (Z) - 1)"^ 2^rV2^-6 
(Z) - 2f + ^^\ (3D-7){D- 3f (D - 1) V 2''^r^„^D-A 

+ {3D-5){D-3f{D-l)^2^ij^^-^, (A7) 

(315-7 _ „ 1+3D \ 

(D - 1)V 2^+2 (D- 2)2 3 (3D-7){D-1)^ {3D-5)J 
-16 (D - 3f'^ 22-^ Q (i? - 3f {D - 2) ^.^-3 + I^HD_^)^^\ ^2D 

+8 (D - 1) V 2i-^ (D - 3)"^ fl/2 {D -2){D- 3f i/^^'^ + ^\D-l)v^^'^ \ ^^+3 



D-2 
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4 4 ) (D-2^2 
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8 2 8 / 

+- (D - 3f {3D-5){D- if 2-^v^^-^ + 4 (D - 1)^ {D - 3f-^ 2^-^r'^^-^u^-^ , (A8) 
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2Vn _ 1^^ m _ Q^^^ .2,,3D-7 
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3 u^{3D-7){-h + 3D) 2 ^ ' ^ ^ ' 

+ £ ^2D p _ i)D-l ^4D-12^2 (^ _ 3)-D ^2 _ 34 r^^-^ (Z) -3)^-3 /?2d2 

2 ^ ^ ^ ^ ^ (Z) - 1)^ (Z) - 2) 
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2 ^ ^ '^ ^ ^ V 7 {D-l)^{D-2f 
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+ i ^2D-2 p _ i)D-l ^4D-10^2 p _ 3)-D ^3 _ 4 r^^ (D - S)^"^ /J^I^^-^D^ 

2 (I? - 1)^- (D - 2) 

_1 r2^ P - 1)^-1 l.4D~12^2 p _ 3)-D ^3 ig r3^-3(^ 3)D-3^2(^) 

r^D-^ ^D _ 3)^-3 ^2 p _ i)-g p) 4 ^3D-3 p _ 3)13 ^^ _ ^yP ^D^3 

^^ F^^2 ^3 z^2(3^_7)(_5 + 3^) 

^ ^3D-3 p _ 3)g-3 ^2 (^ _ ^yP jjA ^^ ^3D-3 ^ _ 3)I>-3 ^2 ^ _ y^-D jj2 

[D-2f {D-2f 

r^^{D- 3)^ {D - 1)"^ /32z.^-3 ^^^ (Z) - 3)^ /J^z^^-s p) 

-12 =; + 16 j53i 

r^D-3^jj_^f2^ 20 r3^-3(i?- 3)^2^1)2 



{D-lfiy^3D-7){3D-5) 3 (Z) - 1)^ ^^2 (3^) _ 7) (3/5 _ 5) 

IJ~3(^_3)g-3^ 

(D-l)^(D-2) 



+ ^I^l^li£_^^:l^ _ ^ ,2D-2 p _ i)D-l ^4D-10^2 p _ 3)-D ^ (^g) 



,2i/^ - ^Ai^^ - 3^£^2i^ n-2i-5 
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2 {D-3)^- 2 p_3)^i,D-3 

Acknowledgments 

The support of the Fundagao para a Ciencia e a Tecnologia (FCT) of Portugal, Projects 
PTDC/FIS/098962/2008 and PEst-OE/FIS/UI0099/2011 is gratefuhy acknowledged. M.A. is sup- 
ported by an FCT grant. The works of S.H.H. and A.S. have been financially supported by the 
Center for Excellence in Astronomy and Astrophysics of IRAN (CEAAI-RIAAM). 



[1] R. C. Myers and M. J. Perry, Ann. Phys. (N.Y.) 172, 304 (1986). 

[2] G. W. Gibbons, H. Lii, D. N. Page, and C. N . Pope, J. Geom. Phys. 53, 49 (2005). 

[3] A. N. Aliev, Phys. Rev. D 74, 024011 (2006). 



12 



[4] A. N. Aliev, Mod. Pliys. Lett. A 21, 751 (2006); 
A. N. Aliev, Class. Quant. Gravit. 24, 4669 (2007); 
A. Sheykhi, Phys. Rev. D 77, 104022 (2008). 
[5] S. H. Hendi, Prog. Tlieor. Phys. 124, 493 (2010). 
[6] A. N. Aliev and D. K. Ciftci, Phys. Rev. D 79, 044004 (2009). 
[7] J. Kunz, F. Navarro-Lerida, and A. K. Petersen, Phys. Lett. B 614, 104 (2005). 
[8] J. Kunz, F. Navarro-Lerida, and J. Viebahn, Phys. Lett. B 639, 362 (2006). 
[9] J. Kunz, F. Navarro-Lerida, and E. Radu, Phys. Lett. B 649, 463 (2007); 
A. N. Aliev, Phys. Rev. D 75, 084041 (2007); 
H. C. Kim and R. G. Cai, Phys. Rev. D 77, 024045 (2008); 
Y. Brihaye and T. Delsate, Phys. Rev. D 79, 105013 (2009); 
A. Sheykhi, M. Allahverdizadeh, Phys. Rev. D 78, 064073 (2008). 
[10] J. H. Home and G. T. Horowitz, Phys. Rev. D 46, 1340 (1992); 

K. Shiraishi, Phys. Lett. A 166, 298 (1992). 
[11] J. P. Gauntlett, R. C. Myers, and P. K. Townsend, Class. Quant. Grav. 16, 1 (1999). 
[12] F. Navarro-Lerida, Gen. Relat. Gravit. 42, 2891 (2010). 

[13] M. Allahverdizadeh, J. Kunz, and F. Navarro-Lerida, Phys. Rev. D 82, 024030 (2010). 
[14] M. Allahverdizadeh, J. Kunz, and F. Navarro-Lerida, Phys. Rev D 82, 064034 (2010). 
[15] M. Allahverdizadeh, J. Kunz, and F. Navarro-Lerida, J. Phys. Conf. Ser. 314 012109 (2011). 
[16] M. Allahverdizadeh, J. P. S. Lemos, and A. Sheykhi, Phys. Rev D 87, xxxxxx f 2013): [5Xiv:1302. 50791 
[gr-qc]. 



